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The Harmonic Tonic
This ELSYS Note investigates harmonic analysis in the context
of spatial distributions, particularly in electrical machines. It
highlights the differences between spatial and time-domain analy-
sis and explains the significance of the working harmonic. Using
rectangular functions, it demonstrates how harmonic analysis is
performed in both domains and how this enables deeper insights
into complex systems.

Introduction
Harmonic analysis is a powerful tool
for investigating signals and distri-
butions that play an important role
in many technical applications. In
this ELSYS Note, we take a closer
look at harmonic analysis, with par-
ticular emphasis on the considera-
tions that arise when it is applied
to spatial distributions.

Background
Harmonic analysis in the time do-
main is familiar to many and is
commonly used to study higher-
order harmonics above the work-
ing harmonic and subharmonics be-
low the working harmonic in time-
dependent signals. This method
has proven to be extremely useful.
In many areas of engineering, har-
monic analysis has become an in-
tegral part of everyday professional
practice.

Spatial Domain
In electrical machines, spatial dis-
tributions often need to be anal-
ysed, for example, the magnetic flux
density in the air-gap. In this con-
text, the radial component of the
flux density is typically evaluated as

a function of the circumferential po-
sition or pole pitch.

Fig. 1: V-shaped PMSM
Fig. 1 shows a permanent mag-
net synchronous machine with V-
shaped magnets. The machine ge-
ometry is described in detail in [1].
This example raises the question of
how harmonic analysis can be ap-
plied to purely spatial functions. A
key requirement is the distinction
between the fundamental and the
working harmonic. An algebraic ap-
proach to determine machine har-
monics is given in [2].

Working Harmonic
The magnetic field distribution in
the air-gap of an electrical ma-
chine is governed by several inter-
acting factors, including winding
layout, rotor geometry, and excita-
tion [2]. According to the definition

by Heller and Hamata [3], all spa-
tial harmonics are referenced to the
full mechanical circumference of the
machine.
The fundamental harmonic of or-
der ν = 1 corresponds to a single
pole pair and spans a circumferen-
tial angle of 2π. If the machine has
p pole pairs, the harmonic that pro-
duces a magnetic field with exactly
p pole pairs is termed the working
harmonic. A simplified stator rep-
resentation illustrating this concept
is shown in Fig. 2.
The smallest possible spatial wave
has a wavelength of 2π and is re-
ferred to as the fundamental har-
monic. Consequently, the working
harmonic is always of order ν = p.
In general, a harmonic of order n
generates n pole pairs, with each
pole pair occupying a circumferen-
tial angle of 2π/n.
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Fig. 3: Harmonic analysis in the time and spatial domains

Rectangular Signal
To explain the basic principle, we
consider a well-known rectangular
signal up to the 11th harmonic.
This can be expressed as a Fourier
series:

f(t) = 4
π

11∑
1,3,...

1
n

sin
(

2π
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nt

)

The fundamental component and
the 11th harmonic have periods of
T and T/11, respectively. According
to the sampling theorem, the time
signal must be sampled with a sam-
pling interval smaller than T/(2·11)
to ensure that aliasing does not oc-
cur.
The harmonic analysis is illustrated
in Fig. 3a. In the time domain, the
rectangular signal can be observed,
while in the frequency domain the
individual frequencies (harmonics)
are clearly identified. Through har-
monic analysis, the time signal is

decomposed into its individual com-
ponents. In many engineering ap-
plications, knowledge of these com-
ponents is essential, as they provide
valuable insight into system behav-
ior.

Rectangular Wave
To explain the principle of spatial
harmonic analysis, the same rect-
angular wave is represented in the
spatial domain:

f(x) = 4
π
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This expression is identical, except
for the labeling of the x-axis. In-
stead of time, we now consider dis-
tance (in m) or alternatively an an-
gular coordinate (in rad). The rect-
angular wave has a working har-
monic and an 11th harmonic with
wavelengths of λ and λ/11. The har-
monic analysis is shown in Fig. 3b.

The sampling theorem states that
sampling should be performed with
a spatial resolution of at least
λ/(2·11).
In the harmonic domain, when con-
sidering spatial representations, the
unit is typically the spatial har-
monic number or simply wave num-
ber (n). The unit of the spatial
wave number is usually 1/m or 1/rad,
depending on the chosen spatial
unit (e.g., meters or radians). The
spatial wave number is the counter-
part to frequency in the time do-
main and indicates how many wave
cycles exist per unit length.

Outlook

Spatial harmonic analysis is a
valuable method for understanding
complex systems. By connecting
spatial- and time-domain perspec-
tives, it enables deeper insight and
supports the development of inno-
vative solutions.
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